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We investigate the spectral and topological properties of a family of phononic lattices, where
additional on-site couplings are modulated according to a twisted potential. We show that the
operator algebra that generates the dynamical matrices for such systems is the non-commutative 4-
torus, indicating that their topological properties are analogous to that of electrons in the 4-dimensional
quantum Hall effect. Based on this finding, we put forward a single unifying expression predicting
the quantized values of the integrated density of states inside their spectral gaps, where the bulk
topological invariants appear as coefficients. These predictions are confirmed by exhaustive numerical
simulations. In the process, a high-throughput of bulk topological invariants is generated, along with
numerical verifications of their non-trivial bulk-boundary correspondence. While mechanical lattices
are considered as a platform of choice, these findings can be extended to a large variety of twisted
bilayered physical systems, opening exciting possibilities related to the predictions of non-trivial gaps
in non-periodic systems, and to the exploration of higher dimensional topologies and novel edge
excitation phenomena.
PACS numbers: 03.65.Vf, 05.30.Rt, 71.55.Jv, 73.21.Hb
I. INTRODUCTION
Twisted graphene bilayers were recently observed to
have exceptional spectral properties [1–3], which hosts
an extremely rich single- and many-body physics [4–
7]. Exciting wave properties occurring at magic angles
have been observed, such as superconductivity at flat
bands [1, 4] and, very recently, engineering hyperbolic
and elliptic dispersion of polaritions in photonic sys-
tems [26]. As such, the field of twistronics, consisting of
spectral and dynamical engineering by twisting layered
materials, is one of the most active fields at the present
time. Interestingly, in [8] it was found that the spec-
tral gaps stabilized by the magic angles carry non-trivial
topological indices. In the context of classical metama-
terials, this is an interesting finding because it opens a
path to engineering topological edge wave-channels via
twisting, without the need of active elements. In this
work we demonstrate that this is indeed possible even
in simple mechanical systems consisting of a periodic
lattice of masses with harmonic couplings that are mod-
ulated by a second twisted lattice.
While the condensed matter community mostly fo-
cuses on the special angles where the periodicity of the
bilayer is restored, we are more interested in the generic
case where the bilayer is truly aperiodic. In fact, while
engineering topological phonons and acoustic modes us-
ing aperiodic principles is an active area of research [17–
25], to our knowledge, twistronics has not been applied
yet in this context. As we shall see, Hofstadter-like spec-
tral butterflies emerge when the resonant spectra are
mapped in terms of the twist angle. Furthermore, the in-
tegrated density of states (IDS), when evaluated inside
the spectral gaps, gives rise to well defined but intricate
patterns of curves. Using a well-oiled machinery in-
vented by Bellissard [9] and further perfected in [10, 11],
we demonstrate that all Galilean invariant dynamical
matrices for such twisted mechanical systems belong to a
small algebra that is isomorphic to the non-commutative
4-torus. The latter is also isomorphic to the algebra of
magnetic translations in 4-dimensions (4D), which gen-
erates the 4D quantum Hall effect. As such, we reduce
the bulk-boundary correspondence for the twisted bi-
layer to that of a standard case analyzed in depth, for
example, in [12]. Furthermore, we derive a unifying
expression for all IDS curves resolved by our numeri-
cal experiments, where the topological invariants, both
weak and strong, enter as coefficients. This expression
perfectly fits all IDS curves resolved by our numerical
experiments and, as such, it enables us to compute topo-
logical invariants associated to the numerically resolved
spectral gaps. The results show that all 32 spectral gaps
analyzed in our study display non-trivial bulk-boundary
correspondence.
Key to our analysis is a computation of the hull of the
twisted pattern, which is the topological space where the
phason of the aperiodic pattern lives. This hull, which
is just a 2-torus, augments the two physical dimensions
giving rise to a virtual 4-dimensional system [13]. Rigid
(relative) shifts of the layers supply full access to, and
control of, the phason which determines the dispersion
and localization of the edge channels. As such, twistron-
ics may open a new way to generated and manipulate
topological edge excitations with unprecedented control
and precision.
On the computational side, let us recall that twisted
bilayers away from the special angles are notoriously
difficult to deal with because of lack of periodic approx-
imants [14]. For the present context, things are made
more difficult by the topological edge states which con-
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2FIG. 1. (a) Mechanical lattice (top layer) with an underlying potential surface (bottom layer). (b) Top view displaying lattice
vectors a1 and a2 separated by an angle β. In this un-twisted configuration, the lattice sites are aligned with the peaks of the
potential. (c) Also in a top view, the potential is twisted by an angle θ relative to the lattice. (d,e) Examples of truly aperiodic
twisted bilayers for θ = pi/50 and θ = pi/25, respectively. The figures were generated for a2 =
4√2a1 and β = pi/
√
7.
taminate the bulk spectral gaps. This is a general prob-
lem for aperiodic topological systems and is also encoun-
tered, for example, in topological quasicrystals [15, 16].
We found that the periodic boundary conditions elimi-
nate these topological edge states but impurity-like edge
states still persist. The latter, however, have a low den-
sity and, as a consequence, the maps of the density of
states supply a remarkably clean pictures of the spectral
butterflies. For the same reason, the values of the inte-
grated density of states inside the spectral gaps can be
mapped with extreme precision, which is essential when
comparing with the theoretical predictions and extract-
ing the topological invariants.
II. THE MECHANICAL SYSTEM DEFINED
We consider a lattice L1 of identical masses of fixed
(x, y) coordinates rn = n1 a1 + n2 a2, n = (n1,n2) ∈ Z2,
where a1 and a2 are arbitrary lattice vectors separated
by an angle β (Fig. 1). We denote their magnitudes by
a1 and a2, respectively. The masses move along the z di-
rection and interact via two-body potentials, while each
mass experiences an external potential, represented by
the colored surface in Fig. 1. Generically, such system is
described by a Lagrangian
L =
∑
n
(
1
2m z˙
2
n − Vθ(rn, zn)
)
(1)
− 12
∑
n,n′
W(rn − rn′ , zn − zn′ ).
The functional form of Vθ is
Vθ(r, z) = V0
(
Rˆθ[r], z
)
, (2)
where Rˆθ is the rotation matrix by θ of the (x, y)-plane
and V0 is a periodic potential V0(r + rn, z) = V0(r, z) for
all rn ∈ L1. We define L2 = Rˆ−1θ [L1] to be the twisted
lattice, such that Vθ(r + r′n) = Vθ(r) for all r′n ∈ L2.
In Figs. 1(d,e), we illustrate two configurations of the
system, corresponding to a generic lattice L1 and two
twist anglesθ such that the periodicity of the system can-
not be restored no matter what super-cell is used. The
latter can only happen for a discrete set of θ-s, hence,
the generic cases are those of purely aperiodic config-
urations. Our analysis will cover both the special and
generic cases on equal footing. Let us mention that z
can be replaced with any other local degree of freedom,
such as a rotation angle. In that case, laboratory mod-
els of the system introduced above can be implemented,
for example, with the systems of magnetically coupled
spinners introduced in [17, 27]. This task, however, is
left to the future for now.
In the regime of small oscillations, the dispersion equa-
tion of the collective resonant modes takes the form
mΩ2ζn =
(
Kn + V′′θ
(
rn, z¯n
))
ξn (3)
−W′′
(
rn − rn′ , z¯n − z¯n′
)
ζn′ .
Here, ζn = zn − z¯n with z¯n being the equilibrium z-
coordinates of the masses and
Kn =
∑
n′
W′′
(
rn − rn′ , z¯n − z¯n′
)
. (4)
Note that, in general, both the potential and the coupling
constants are perturbed by the L2 lattice. This will be
considered in our theoretical analysis but left aside in
our numerical experiments.
III. NUMERICAL RESULTS
In our numerical applications, we considered a short-
range two-body interaction such that
W′′(rn − rn′ ) = e−3|rn−rn′ |2 . (5)
3(a) (b) (c)
FIG. 2. θ-dependence of (a) resonant spectrum, (b) density of states and (c) integrated density of states, for a square lattice of
resonators (β = pi/2, a1 = a2 = 1). The color bar in (c) represents the energy. The larger spectral gaps in panel (b) are identified and
labeled for reference.
Let us be clear that the pair interactions were not trun-
cated to first nearest neighbors and, instead, all pairs
of masses interact even though the interaction might be
exponentially small. We chose a potential such that
V′′θ (rn) = 0.1
(
cos
(
b1 · Rˆθ[rn]
)
+ cos
(
b2 · Rˆθ[rn]
))
, (6)
where bi-s are L1’s reciprocal vectors. The resulting dy-
namical matrix for the system of equations (3) was ex-
actly diagonalized on a 100 × 100 resonator lattice with
periodic boundary conditions (PBC), while sampling θ
over 1000 equally spaced points in the interval [0, pi]. The
mass m was set to 1.
We chose three representative lattices such that, at one
end, we have a square lattice with a large point group
symmetry and, on the other end, a lattice where both
β/2pi and a1/a2 are irrational numbers such that the point
group is trivial. A deeper reason for these choices will
be revealed in section V. Figs. 2(a), 3(a) and 4(c) re-
port the resonant spectra of these systems as functions
of θ. Large bulk spectral gaps contaminated by edge
spectrum are visible in all cases and, overall, the spectra
project the same kind of fractality seen in the Hofstadter
butterfly [28]. Let us specify that PBC prevents the topo-
logical edge modes but impurity edge states still persist
because periodicity is broken by the twisted potential.
Nevertheless, PBC are preferred because, while the im-
purity states still contaminate the bulk gaps, they do not
display any spectral flow with θ, as it is evident in all
our results.
An important numerical finding is that the spectra
can be almost entirely cleared of the edge states con-
tamination by computing the corresponding density of
states. This is exemplified in Figs. 2(b), 3(b) and 4(b).
The symmetries of the spectral butterflies are now more
apparent. For example, for the square lattice we have
reflection symmetries about mid horizontal and vertical
lines, as well as θ → pi/2 − θ. This is why we only la-
beled gaps in the left half of the spectral butterfly. For
the lattice with a1 = a2 and β = pi/
√
7, the reflection
symmetry w.r.t. the mid vertical line is still present, and
we still focus on spectral gaps from the left side of the
spectral butterfly. For the most generic lattice a1 , a2
and β = pi/
√
7, all the symmetries are lifted and we will
investigate spectral gaps from all parts of the spectral
butterfly.
The most interesting outcomes of our simulations are
the integrated density states (IDS), defined as
IDS(Ω) =
∣∣∣Spec(D) ∩ (−∞,Ω2]∣∣∣
|L1|
∣∣∣∣∣∣∣L1→Z2 , (7)
where Spec(D) is the spectrum of the dynamical matrix,
i.e. the set of eigenvalues counted with their degenera-
cies. Throughout, | · | represents the cardinal of a set. The
maps of the IDS as function of θ and Ω2 are reported in
Figs. 2(c), 3(c) and 4(c) for the three lattices considered
in our study. Since the IDS(E) is constant when E takes
values in the spectral gaps, the 3-dimensional IDS plots
have an abrupt variation with respect to E whenever E
traverses a gap. In the color maps shown in our figures,
these variations appear as abrupt changes of the color
and these features were further enhanced by using ap-
propriate lightning. As a result, the values of the IDS
inside the gaps can be easily identified by the dark lines
visible in all our plots. As one can see, there are drastic
changes in the pattern of these lines from one lattice to
another. Yet, as we shall see, all IDS curves in these three
figures are described by one unifying equation, where
the topological invariants appear as integer coefficients.
IV. THEORETICAL INTERPRETATION
In this section we explain the features seen in the nu-
merical experiments using the K-theoretic tools devel-
oped in [9–11]. These works demonstrated the existence
of a standard formalism, but the statements are not en-
tirely constructive, hence, every new application poses
4(a) (b) (c)(a)
FIG. 3. Same as Fig. 2 for the lattice β = pi/
√
7 and a1 = a2 = 1.
certain computational challenges. As such, it is remark-
able that Bellissard’s program can be carried out entirely
and explicitly for the present context.
A. Algebra of dynamical matrices
We encode the degrees of freedom in the vector |Z〉 =∑
n∈Z2 ζn |n〉 and transform the dispersion equations into
ω2|Z〉 = D|Z〉with the dynamical matrix
D =
∑
m,n
wm,n(P) |m〉〈n| (8)
written here in the most generic form. As we shall see,
the details of the coupling coefficients are not impor-
tant for this analysis. What is important is that they are
fully determined by the pattern P, which consists of the
union of the resonator latticeL1 and potential latticeL2.
In other words, if the potential and the type of resonators
are fixed and no external intervention is allowed, there
are pre-defined functions wm,n(P) of variableP that sup-
ply the couplings. Upgrading the coupling coefficients
to coupling functions is a strategic point in the theory of
dynamics over patterns. For our explicit model, these
functions are already specified in (3). In typical meta-
material experiments, these functions can be mapped
entirely by exploring the pattern space as it was done,
for example, in [17]. Once these functions are cataloged,
one can evaluate them on a particular pattern and gen-
erate the dynamical matrix.
The next important observation is Galilean invariance,
which says that if we rigidly translate P, hence both lat-
tices, the coupling functions must display the following
covariance relations [29]:
wm−a,n−a(τaP) = wm,n(P) or wm,n(P) = wm−n,0(τnP), (9)
where τaP is the rigid shift of the pattern which brings
the resonator labeled by a ∈ Z2 to the origin. τaP is also
the pattern seen by an observer which jumped from the
origin to the site a of the resonator lattice L1.
After these observations are in place, something magic
happens [29]. Indeed, we can drop one redundant index
and, using q = m− n as well as the shift operator Sq|n〉 =
|n + q〉, D takes a very particular form
D =
∑
q
Sq
∑
n
wq(τnP) |n〉〈n|. (10)
The extraordinary conclusion is that any Galilean invari-
ant dynamical matrix over P is generated from a small
algebra generated by the elementary shift operators Si,
i = 1, 2, and by diagonal operators T f =
∑
n f (τnP) |n〉〈n|
with f a function on the space of patterns. Furthermore,
one can check the commutation relation (CR)∑
n
f (τnP)|n〉〈n|Sq = Sq
∑
n
f (τn+qP) |n〉〈n|, (11)
which can be written more compactly as
T f Sq = Sq T f◦τq ∀ q ∈ Z2. (12)
In the following, we compute this algebra explicitly
and show that it is isomorphic to the non-commutative 4-
torus. For this, we need first to parameterize the space of
patterns. As in Fig. 5, it is useful to imagine an observer
sitting on top of a resonator. Looking around, one sees
a certain pattern P and if the observer jumps to another
resonator, say a hundred lattice units away, one will
perceive a completely different pattern. The question
is then, what is the minimum information the observer
needs to reproduce the entire pattern, if we place the
observer on top of an arbitrary resonator. Of course, the
observer knows that one is dealing with a bilayer and
thatL2 is twisted by θ relative toL1. The answer is quite
simple. The observer projects hers/his location onto the
L2 plane and this projection ξ necessarily falls in one
primitive cell of L2. The observer sees the same pattern
if this point lands on the opposite sides of the primitive
cell, hence this primitive cell should be wrapped as a
torus. In fact, the best strategy is to think that entire
L2 has been folded over one single primitive cell, e.g.
5(b) (c)(a)
FIG. 4. Same as Fig. 2 for the lattice β = pi/
√
7, a1 = 1/
4√2 and a2 = 1.
the one shaded in Fig. 5. We parametrize it as Ξ =
(Rmod a1)× (Rmod a2), hence its points are ξ = (ξ1, ξ2),
ξi ∈ Rmod ai.
Now, the only information the observer needs in or-
der to re-draw P is the position of its projection ξ in
this primitive cell, hence ξ is the phason of the aperiodic
pattern. Indeed, suppose that both layers have been
erased. In this case, the observer will use ai to redraw
L1. Then, using the coordinates (ξ1, ξ2) together with
the given twist angle, the observer re-traces the primi-
tive cell of L2 immediately above her/him and then tiles
the plane by periodic translations of this primitive cell.
An important question is if the observer explores the
whole Ξ or only a part of it, as she/he jumps from one
resonator to another. Of course, this question is equiv-
alent to asking if the dynamical system τaP described
above is topologically ergodic.
From Fig. 5, we can see that these are just translations
of the torus. In terms of coordinates ξi, the generators of
these translations are given by
τi(ξ) =
(
(ξ1 + a1Ai1) mod a1
(ξ2 + a2Ai2) mod a2
)
, i = 1, 2, (13)
Potential Layer
Resonator Layer
x1
x2
a1
a2
x t1x
t2x
-q
FIG. 5. An observer can reproduce the entire bilayer from the
coordinates (ξ1, ξ2) of the origin of L1 relative to the shaded
primitive cell of L2. If the observer moves to different res-
onators, this results in shifts over the folded L2 generated by
τ1(ξ) and τ2(ξ).
with:
A =
 sin(β−θ)sin(β) a1a2 sin(θ)sin(β)− a2a1 sin(θ)sin(β) sin(β+θ)sin(β)
 (DetA = 1). (14)
As it is well known, if at least two Ai j’s are irrational
numbers, then the orbit of one single point under re-
peated translations (13) fills the torus densely, hence the
dynamical system (Ξ, τ) is topologically ergodic. One
should not be surprised by the existence of this dynam-
ical system because (Ξ, τ) is just the hull of P, predicted
to exist for any point pattern in [9–11].
We now have all the information to compute the alge-
bra which generates the dynamical matrices. Since any
continuous function over torus accepts a discrete Fourier
decomposition, written slightly differently below,
f (ξ) =
∑
q∈Z2
fq
(
eı2piξ1/a1
)q1(
eı2piξ2/a2
)q2
, (15)
the algebra of T f operators has two generators T j corre-
sponding to the elementary functions:
f 7→ u j(ξ) = eı2piξ j/a j , j = 1, 2. (16)
Furthermore, since (u j ◦ τi)(ξ) = eı2piAi ju j(ξ), the CR’s
(12) become SiT j = e−ı2piAi jT jSi. As such, the algebra
which contains all Galilean invariant dynamical matrices
is generated by four unitary elements: U1 = S1, U2 = S2,
U3 = T1, U4 = T2, with CR’s UiU j = eı2piφi jU jUi, where
Φ =
[
φi j
]
=

0 0 −A11 −A12
0 0 −A21 −A22
A11 A21 0 0
A12 A22 0 0
 (17)
Let us point out that, as opposed to the aperiodic pho-
tonic crystals studied in [30], the above algebra is not a
tensor product of two non-commutative 2-tori.
B. Predictions via K-Theory
In K-Theory [31], the projections that can be deformed
into one another are placed in (stable) homotopy classes.
6𝒏𝟎 + 𝑪𝒉𝟐 𝒏𝟏𝟑 𝒏𝟐𝟒 𝒏𝟏𝟒 𝒏𝟐𝟑
-1 1 1 0 0
-5 3 3 0 0
-2 1 1 1 -1
2 0 0 -1 1
7 -3 -3 -1 1
-11 5 5 3 -3
2 -1 -1 0 0
-1 0 0 1 -1
𝒏𝟎 + 𝑪𝒉𝟐 𝒏𝟏𝟑 𝒏𝟐𝟒 𝒏𝟏𝟒 𝒏𝟐𝟑
-1 1 1 0 0
-3 2 2 0 0
3 -1 0 -1 1
4 -2 -2 0 0
-1 1 0 1 -1
3 0 0 -1 1
2 -1 -1 0 0
5 -2 0 -2 2
𝒏𝟎 + 𝑪𝒉𝟐 𝒏𝟏𝟑 𝒏𝟐𝟒 𝒏𝟏𝟒 𝒏𝟐𝟑
-1 1 1 0 0
-1 -1 -1 0 0
3 -1 0 -1 1
-2 1 1 1 0
1 0 0 -1 0
-1 -1 0 0 0
3 0 1 -1 1
-2 0 -1 1 -1
(c)(b)(a)
FIG. 6. Integrated density of states (color maps), fittings by (21) (dashed lines) and corresponding topological invariants (tables)
for the bilayers (a) a1 = a2 = 1 and β = pi/2, (b) a1 = a2 = 1 and β = pi/
√
7 (b), and (c) a1 = 1/
4√2, a2 = 1 and β = pi/
√
7. The
color-codings in panels (a), (b) and (c) are the same as in Figs. 2(b), 3(b) and 4(b), respectively.
This classes of projections can be added and subtracted,
hence they form an abelian group, the K0-group of the
algebra. Two homotopic projectionP andP′ are also sim-
ilar: P′ = U∗PU for some unitary element from the same
algebra. IfT is a trace on the algebra, then automatically
T (P) = T (P′) because we are allowed to make cyclic
permutations inside a trace. This means that any trace
is constant over the homotopy classes of projections. As
such, traces are bona-fide topological invariants.
In the case of non-commutative 4-torus, the K0-group
has 2d−1-generators {eJ}, conveniently labeled by a subset
J ⊆ {1, 2, 3, 4} of directions with |J| = even. Furthermore,
for generic Φ-matrices, the non-commutative 4-torus ac-
cepts a unique trace T , which coincides with the trace
per volume [9]. Any gap projection PG of a dynamical
matrix defines a K0-class and accepts a decomposition in
terms of the generators [PG]0 =
∑
J nJ [eJ]0. The integer
numbers nJ are called gap labels [10] and, in general,
they represent the complete set of independent topolog-
ical invariants that can be associated to a gap projection.
They are related but not necessarily equal to the Chern
numbers (see below).
Since traces are linear maps,
T [PG]0 =
∑
J
nJ T [eJ]0. (18)
On the other hand,
T (PG) = lim|L1 |→∞
Tr(PG)
|L1| = lim|L1 |→∞
{# states below G}
|L1| , (19)
hence T (PG) = IDS(G). As such, if we can resolve the
values of the trace on the generators of the K0-group, we
can make a prediction about the allowed values of IDS.
For the non-commutative torus, this extremely useful
piece of information was supplied in [32], and we have
IDS(G) = T (PG) =
|J|=even∑
J⊂{1,2,3,4}
nJ Pf(ΦJ), (20)
where ΦJ is the matrix Φ restricted to indices J and Pf
is the pfaffian of the resulting anti-symmetric matrix. In
our case, this gives the prediction
IDS(G) = n∅ + n{1,3}A11 + n{1,4}A12 + n{2,3}A21 (21)
+ n{2,4}A22 + Ch2(PG) Det(A).
Technically, the Pfaffians should be positive but relaxing
the signs makes the fitting easier. For bulk-boundary
correspondence, however, one need to re-assess the signs
of the terms. When there are no linear relations with
integer coefficients between Ai j-s, we can compute all
topological invariants supplied by n{i, j}-s by fitting (21)
to the numerically obtained IDS curves in Figs. 2(c), 3(c)
and 4(c). Unfortunately, Det(A) = 1, hence we can only
determine the sum n∅ + Ch2 via this procedure.
The values of the Chern numbers on theK0-generators
were computed in [12][p. 141]:
ChJ′ [eJ]0 =
 0 if J
′ * J,
1 if J′ = J,
Pf(ΦJ\J′ if J′ ⊂ J,
J, J′ ⊂ {1, 2, 3, 4}. (22)
Since the Chern numbers are also linear maps, their
values on the gap projection [PG]0 =
∑
J nJ [eJ]0 can be
7PBC X OBC OBC X PBC
(b)
(d)
PBC X OBC OBC X PBC
*This side is for 𝜃 = 1.55, 21x21 lattice *This side is for 𝜃 = 2.75, 26x26 lattice
(f)
(g) (h)
(e)
(c)
(a)
FIG. 7. Spectral flow w.r.t. ξ1,2 of the dynamical matrix in the presence of a boundary for (a-d)•-gap and (e-h)•-gap from Fig. 4(b).
The simulations were performed on a 21 × 21 lattice and θ = 1.55 for •-gap, and on a 26 × 26 lattice and θ = 2.75 for •-gap. The
spectra computed with periodic boundary conditions (black curves) have been overlaid on top such that the boundary spectra
(red curves) can be easily identified.
straightforwardly computed from (22):
ChJ′ [PG]0 = nJ′ +
∑
J′(J
nJ Pf(ΦJ\J′ ). (23)
As one can see, the top Chern number corresponding to
J′ = {1, 2, 3, 4}, also known as the second Chern number
and denoted by Ch2, is always an integer, but the lower
Chern numbers may not be. We will use the above rela-
tions in our discussion of the bulk-boundary correspon-
dence.
V. THEORYMEETS NUMERICS
For the bilayer analyzed in Fig. 2, there are linear de-
pendencies and the prediction from Eq. 21 reduces to
IDS(G) = (n∅ + Ch2(PG)) + (n{1,3} + n{2,4}) cosθ (24)
+ (n{1,4} − n{2,3}) sinθ.
However, due to the symmetry under pi/2 rotations,
n{1,3} = n{2,4} and n{1,4} = −n{2,3}, which follows directly
from the expressions of the first Chern numbers. As
such, (24) can be used to determine all topological in-
variants supplied by n{i, j}. We found that Eq. (24) fits per-
fectly all IDS curves seen in Fig 2(c). Fittings of the IDS
curves inside the eight large gaps identified in Fig. 2(b)
are reported in Fig. 6(a), together with the topological in-
variants extracted from the fittings. Let us remark that,
by using the symmetries of the spectral butterfly, we can
automatically fit many more IDS curves, 56 to be more
precise.
For the bilayer analyzed in Fig. 3, one additional lin-
early independent term is present in the IDS expression:
IDS(G) = (n∅ + Ch2(PG)) + n{1,3}
sin(β − θ)
sin β
(25)
+ (n{1,4} − n{2,3}) sinθsin β + n{2,4}
sin(β + θ)
sin β
.
Form symmetry considerations, we found again that
n{1,4} = −n{2,3}. Again, we have verified that Eq. (25)
perfectly fits all IDS curves seen in Fig 3(c). Fittings of
the IDS curves inside the eight large gaps identified in
Fig. 3(b) are reported in Fig. 6(b), together with the topo-
logical invariants extracted from the fitting. Again, the
symmetry of the spectral butterfly can be used to auto-
matically fit eight additional IDS curves in the right side
of the IDS plot.
Finally, for the bilayer analyzed in Fig. 4, we have five
linearly independent terms present in the IDS expres-
sion:
IDS(G) =(n∅ + Ch2(PG)) + n{1,3}
sin(β − θ)
sin β
(26)
+ n{2,4}
sin(β + θ)
sin β
+ n{1,4}
a1
a2
sinθ
sin β
− n{2,3} a2a1
sinθ
sin β
.
In this case there is no point symmetry left and the four
topological numbers n{i, j} are all independent. We found
again that Eq. (25) fits perfectly all IDS curves seen in
8(a) (b)
(c) (d)
*This side is for 𝜃 = 0.2, 23x23 lattice
FIG. 8. Same as Fig. 7(a-d) for •-gap from Fig. 4(b).
Fig 4(c). Fittings of the IDS curves inside the eight large
gaps identified in Fig. 4(b) are reported in Fig. 6(c), to-
gether with the topological invariants extracted from the
fitting.
Let us point out that every single gap among the
24 gaps analyzed in Fig. 6 displays a non-zero n{i, j}.
Even though we have not computed the top invariant
n{1,2,3,4}, we have enough information to conclude the
non-triviality of the bulk-boundary correspondence for
all these gaps. Physical boundaries are created by re-
stricting either one of nk coefficients of rn to non-negative
values. If nk ≥ 0, then the boundary cuts the k-th direc-
tion and we will call it a k-boundary. We denote the re-
sulting dynamical matrix by D̂k(ξ). The bulk-boundary
for class A in higher dimensions states [12] that the sur-
face states admit topological invariants in the form of
odd Chern numbers and that there is a precise relation
between all bulk and surface invariants. In particular,
for our lower Chern numbers [12][p. 175],
Ch{k,i}(PG) =
Nki√|L1|
∣∣∣∣∣∣|L1 |→∞ , k ∈ {1, 2}, i ∈ {3, 4}, (27)
where Nki is the net number of eigenvalues of D̂k(ξ1, ξ2)
that cross an arbitrary reference line inside the bulk gap
when ξi is varied from 0 to ai while holding the other
ξ fixed. Using (22), we can write the bulk-boundary
principle explicitly,
Nki√|L1|
∣∣∣∣∣∣|L1 |→∞ = n{1,2,3,4} Pf
(
Φ{1,2,3,4}\{k,i}
)
+ n{k,i}. (28)
Numerically, we generate a k-boundary by using open
boundary conditions in that physical direction and peri-
odic boundary condition in the remaining direction. As
always, we will create a pair of boundaries, hence the
numerically computed edge modes will always come in
pairs. In Fig. 7(a-d), which was simulated on a 21 × 21
lattice, we analyze the bulk-boundary correspondence
for the •-gap from Fig. 4(b). As one can see, D̂1(ξ) dis-
plays 21 positively sloped chiral bands when ξ2 is varied
and no chiral bands are present for the other three cases.
This is consistent with n{1,4} = 1 and trivial values for the
other invariants. Similarly, in Fig. 7(e-f), which was sim-
ulated on a 26×26 lattice, we analyze the bulk-boundary
correspondence for the •-gap from Fig. 4(b). In this case,
D̂1(ξ) displays 27 positively sloped chiral bands when
ξ1 is varied and no chiral bands are present for the other
three cases. This is consistent with n{1,3} = 1 and trivial
values for the other invariants. These numerical findings
confirm the predicted bulk-boundary correspondences
based on (28) and the data from Fig. 6 and, furthermore,
they enable us to actually conclude that n{1,2,3,4} = 0 for
these two particular gaps.
Additional boundary spectra are reported in Fig. 8,
which were simulated on a 23 × 23 lattice and θ = 0.2.
They correspond to the •-gap in Fig. 4(b). From the data
in Figs. 8 and 6, and by assuming n{1,2,3,4} = −1, we have:
N23 = 4
23
= 0.17, |Ch{2,3}| = | − Pf(Φ{1,4}) + n{2,3}| = 0.18;
N13 = 2
23
= 0.09, |Ch{1,3}| = | − Pf(Φ{24}) + n{1,3}| = 0.06;
N24 = 2
23
= 0.09, |Ch{2,4}| = | − Pf(Φ{1,3}) + n{1,3}| = 0.1;
N14 = 6
23
= 0.26, |Ch{1,4}| = | − Pf(Φ{2,3} + n{1,4}| = 0.25.
(29)
As one can see, the predicted bulk-boundary correspon-
dence (28) holds with a remarkable precision given the
relatively small size of the lattice. Similar agreements
hold true for other spectral gaps from Fig. 4(b) and, for
example, for the •-gap we found n{1,2,3,4} = 1. As such,
twistronics is capable of generating gaps with strong
topological numbers.
VI. CONCLUSIONS
We have demonstrated that twistronics can be a simple
yet extremely effective way to produce topological gaps
and topological boundary modes. To our knowledge,
this is the first time when the algebra of dynamical ma-
trices for a Moire´ pattern has been explicitly computed.
With that result at hand, the K-theoretic machinary in-
vented by Bellissard [9] enabled us to produce a high-
throughput of topological gap labels. Let us mentioned
that the topological invariants can be computed directly
using the algorithms developed in [33]. However, those
algorithms requires a substantial computational effort
and, as such, the technique based on the IDS fitting is
an important outcome of our work. Using the newer
9results from [12], we were able to also make precise pre-
dictions about the bulk-boundary correspondence for
these Moire´ patterns. To our knowledge, it is the first
time when a bulk-boundary correspondence is observed
for non-integer invariants.
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